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Models  of e l a s top l a s t i c  med ia  a re  appl ied  to so i l s  and rocks  [1, 2]. In conformi ty  with ex-  
p e r i m e n t a l  data [3-5] a model  of so i l s  and rocks  as a v i scop las t i c  medium has been proposed  
[6]. Below we give a solution, based  on this  model,  of the p r ob l e m  on the propaga t ion  of a 
plane one -d imens iona l  wave. As the b a s i s  of compute r  p r o g r a m s  we propose  a f i n i t e -d i f f e r -  
ence r e p r e s e n t a t i o n  of the equations of motion of a continuous medium in Lagrange  coo rd i -  
na tes  and the d i f ferent ia l  equations governing the behav ior  of the medium.  A "d i rec t  ca lcu-  
la t ion" p rocedure  with pseudov i scos i ty  is  applied.  I t  is shown that  the damping of plane 
waves  is  connected with two e n e r g y - d i s s i p a t i n g m e c h a n i s m s ,  de t e rmined  by the v iscous  and 
p l a s t i c  p r o p e r t i e s  of the medium.  The washing out of a discont inui ty  can occur  in the ab-  
sence of a segment  of the dynamica l  c o m p r e s s i o n  curve that  is  concave to the s t r a i n  axis .  
Under  c e r t a i n  condit ions the max imum s t r a in  is  a t ta ined during the phase of dec rea s ing  
s t r e s s .  These  r e s u l t s  agree  with the exper imen ta l  data [3]. 

1. Soil is  r e g a r d e d  as  a medium cons is t ing  of sol id  m i ne r a l  g ra ins ,  cemented  toge ther  by sa l t  
f i lms  andaqueous  f i lms .  Under  shock loading a s t r a i n  el appea r s  ins tantaneously,  due to the c o m p r e s s i o n  
of the m a t e r i a l  of the f i lms  and of the m a t e r i a l  of the g ra ins  themse lves ,  and due a lso  to the d i sp lacement  
of the g ra ins  that a re  in the l ea s t  s table  pos i t ions .  Values of this  s t r a i n  l ie  on the d i a g r a m  of dynamical  
c o m p r e s s i o n  of the medium 

ff = ED81 (1.1) 

The s t r a i n  e 1 is  assumed to be p a r t i a l l y  r e v e r s i b l e  - upon a d e c r e a s e  in the loading the volume is 
r e s t o r e d o n  account of the unloading of the m a t e r i a l  of the f i lms  and the g ra ins .  With a d e c r e a s e  in the load-  
ing f rom a ,  

ff - -  if, ---- ER (e I - -  e,) ,  e ,  = (~, / ED, ER ~ ED (1.2) 

Under  the act ion of the loading,  a s t r a in  ~2 occurs  a f t e r  a finite t ime,  connected with the shift ing and 
repacking  of the g ra ins .  The magnitude of e 2 is  de te rmined  by the e x p r e s s i o n  

= E2e~ -~ ~1 ~ (1.3) 

where 7; is  the v i scos i ty  coeff icient  of the medium.  

The l imi t ing  value of the overa l l  deformat ion  ~ of the soi l  with a = c o n s t  and t ~ oo l i e s  on the s ta t ic  
c o m p r e s s i o n  d i a g r a m  

e : e z +  e~, (~ : E s e  ( 1 . 4 )  

ED-' + E~ -I : Es -z (1.5) 

The magnitude of E 2 is determined from experimental values of E D and E S. 

The repacking strain g2 is assumed to be irreversible, since the air that is contained in the pores 
cannot overcome the force of friction between the particles and return them to their original positions when 

the loading is removed .  
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F i g .  1 

A s c h e m a t i c  d r a w i n g  of an e l e m e n t  is  g i v e n  in F ig .  1. If t h e  s t r a i n  
of the  dash  pot  and the s p r i n g s  1 and2  a r e  r e v e r s i b l e  th i s  i s  a v i s c o e l a s t i c  
mode l ;  wi th  i r r e v e r s i b i l i t y  of the s t r a i n s  of s p r i n g  2 and the dash  pot  we 
have a v i s c o p l a s t i c  m o d e l .  Wi th in  the f r a m e w o r k  of the v i s c o p l a s t i c  m o d e l  
the  s t r a i n  of s p r i n g  1 can  be c o m p l e t e l y  o r  p a r t i a l l y  r e v e r s i b l e .  

We s h a l l  d i s c u s s  the equa t ion  tha t  d e t e r m i n e s  the b e h a v i o r  of an e l e -  
m e n t  of the m e d i u m .  At t he  shock  f ron t  

e = e 1 =  ~ , / E D  (1.6) 

F o r  a con t inuous  i n c r e a s e  in  the  s t r e s s  we ob ta in  f r o m  (1.3) and (1.6) 

27 ~8 = ~ / ED 27 ~t~ / ES,  bt = E2 / ~l (1.7) 

A s i m i l a r  equa t ion  was  ob ta ined  e a r l i e r  by  A.  Yu.  I s h l i n s k i i  [7]. 

F o r  a v i s c o e l a s t i c  m e d i u m  Eq.  (1.7) i s  a l s o  va l id  when the s t r e s s  d e c r e a s e s .  

When  the s t r e s s  d e c r e a s e s  in a v i s c o p l a s t i c  m e d i u m ,  e 1 d e c r e a s e s  a c c o r d i n g  to  the equa t ion  

e 1 = e ,  + (e - -  ~r,) / ER (1.8) 

w h e r e  e ,  andcr,  a r e  the m a x i m u m  va lues  of e~ a n d a ,  a t t a i n e d i n  the e l e m e n t  of the m e d i u m ,  r e s p e c t i v e l y .  

The b e h a v i o r  of the m e d i u m  is  d e t e r m i n e d  by  an equa t ion  tha t  fo l lows  f r o m  (1.3) and (1.8) 

27 ~t8 = ~ER -1 27 F.cs (Es  -z  - -  ED -z 27 ER -I) 27 ~ ,  (ED - I -  ER -1) (1.9) 

A f t e r  the m a x i m u m  s t r a i n  e i s  a t t a i ned ,  i t  i s  a s s u m e d  tha t  s 2 = e o n s t ,  whi le  e l  d e c r e a s e s  a c c o r d i n g  
to  (1.8). The b e h a v i o r  of the m e d i u m  is  d e t e r m i n e d  by  the equa t ion  

ER~ = ~ (I.I0) 

We shall employ Lagrange variables: the mass h, and the time t. The wave is caused by a loading 
acting on the free surface of a half-space. On this section, that is assumed to move beyond the initial sec- 
tion, the loading increases by a jump to the value a m at t=0, and thereafter varies according to the equa- 
tions 

~ =  z m ( l - - t / 0 ) ,  O < ~ t ~ < O ,  ~ = 0 ,  O~<t  (1.11) 

A s h o c k  f ron t  p r o p a g a t e s  f r o m  the i n i t i a l  s e c t i o n  with  the v e l o c i t y  

A = (E~po)l/~ 

w h e r e  P0 i s  the i n i t i a l  d e n s i t y  of the m e d i u m .  

In f r o n t  of the shock  f ron t  

= 0 ,  u = O ,  P = P o  

The e q u a t i o n  of the trajectory of the f ron t  in the h, t p l a n e  i s  

h =  A t  

The f low beh ind  the f ron t  i s  d e t e r m i n e d  by the f u n d a m e n t a l  e q u a t i o n s  of m o t i o n  

Ou as = 0, 0u coz = 0 (1.12) 
Po Oh Ot "cot Oh 

Thi s  s y s t e m  is  c l o s e d  by equa t ions  d e t e r m i n i n g  the b e h a v i o r  of the m e d i u m ,  which  a r e  t a k e n  as  those  
d e t e r m i n e d  by  the i n s t a n t a n e o u s  s t a t e  of the m e d i u m  in the f o r m  (1.6), (1.7), (1.9), and (1.10). 

The b o u n d a r y  cond i t i ons  a r e :  on the i n i t i a l  s e c t i o n  c r = a m ( 1 - t / O  ) and on the l ine  h = A t  we have cr, = 
A u , .  The a s t e r i s k s  i nd i ca t e  that  the  c o r r e s p o n d i n g  q u a n t i t i e s  a r e  t a k e n  f o r  a p a r t i c l e  wi th  the c o o r d i n a t e  
h at  the t i m e  t = h / A .  We c o n v e r t  to the d i m e n s i o n l e s s  q u a n t i t i e s  

i : =  ~t, x =  ~ h / A ,  ~~ = (l/(lrn, u ~ = U/Urn, e ~ = s / e r n  (1.13) 
urn = - -  (I m / A ,  ern = zrn /" E ~ 

= E D / E s ,  ~ : E D / E R ,  ~, = ~0 

and we use  the no ta t i ons  
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In t e r m s  of the new va r i ab les  the equations of motion are  

a u ~  0 ~ ~  ^ ~ u ~  " 0s~ 0 a--~ + - - ~  = u, - ~ -  + - ~ -  = 

The equations de termining  the behav ior  of the med ium are  

~o + ~o = ~ o  + ~o (~ + fi _ i )  + ,~,~ ( i  - -  ~) 
~o = fi~o 

In d imens ion less  f o r m  the loading on the initial sect ion is 

~ ~  0 ~ < v ~ ,  
o ~  v / > ~  

The condition at the shock f ront  for  x =~" 
oo ~ __ ~o 

(1.14) 

(1.15) 

The c i r c u l a r  supe r sc r ip t s ,  denoting d imens ionless  quantit ies,  will be dropped in what follows. 

The solution is de te rmined  by the ass ignment  of values  to the seven dimensional  p a r a m e t e r s  a m, E D, 
ES, ER, P0, /4 0. In the t rans i t ion  to the d imens ion less  p a r a m e t e r s  we have chosen , the  number  of de t e r -  
mining p a r a m e t e r s  was reduced to th ree  7, /3,  ~ .  This is connected with the l inear i ty  of the equations de termining 
the behav io r  of the medium.  This reduct ion in the number  of p a r a m e t e r s  makes  it poss ible  to apply the 
resu l t s  of one compute r  calculat ion to a number  of media  and initial conditions. 

Fo r  the numer ica l  solution of the s y s t e m  (1.14), (1.15) the " c r o s s "  difference scheme [8] was e m -  
ployed. A scheme of this type has been  applied in [9] for  the descr ip t ion  of one-d imens ional  motion of a 
gas  and of an e las top las t i c  ma te r i a l .  The solution is sought on a mesh  that is uni form with r e spec t  to x 
and nonuniform with r e spec t  to v. There  are  spat ia l  and t empora l  l a y e r s  of the mesh  with in tegra l  and 
ha l f - in tegra l  nu m ber s .  The quantity u is de te rmined  at points that have numbers  that  a re  ha l f - in tegra l  for  
t ime  and integral  fo r  space;  the quanti t ies a and e at points with numbers  that are  in tegra l  for  t ime and 
ha l f - in tegra l  fo r  space .  The difference equations have the f o r m  

uj - -  uj ~i+'/~ i-1'3 'I)+L,'2 - -  ~j-'l~ 
A~ ~ = a~ (1.16) 

I~+1 - -  ~t ~ l , ' z  r t+ l , ' t  
ei+~ ' e~+~, ui+ 1 -- uj (1.17) 

A~.n+'A A:v 

~i+',', - -  zj+,', %,.~ - -  ~+,., z~+,,, -t- j+,/, e~+,,, + sj.+,, ( 1 . 1 8 )  
A~,,+,/, - -  a~ a ~ + , :  ' ~- a z ~ -  -4- a3 2 q -  a~ 

The equations of continuity and momen tum are  approximated  in a way s i m i l a r  to that in [8, 9]. Equa- 
t ion (1.18) approx imates  the deformat ion  law of the ma t e r i a l  (1.14), (1.15). The quanti t ies  al,  a2, az, a4 are  
the coeff icients  assoc ia ted  with e, a, e, and the f ree  t e r m  in Eqs.  (1.14)-(1.15) respec t ive ly .  In (1.16) q is 
the N e u m a n n - R i e h t m y e r  quadrat ic  pseudoviscos i ty  [10] 

C hjn_V '- ,,n-%~2 
q '-3+1 "J ' for uj+l  < u~ , ' r&- 1/2 ~ . .  

q~-V, = 0 for ur u~ (1.19) 

The p r e sence  of the pseudoviscos i ty  in Eq. (1.16) causes  a r ep lacement  of sharp  shock f ronts  with 
zones of continuous var ia t ion  of the p a r a m e t e r s ,  values of the p a r a m e t e r s  at the boundar ies  of this zone 
being re la ted  by the jump conditions. Values of the constant Cq are  bounded f r o m  above by the r equ i rement  
that the width of the washing-out  zone be smal l  and f r o m  below by the r equ i remen t  on smal lness  of p e r t u r -  
bat ions a r i s ing  because  of the use of this pa r t i cu l a r ca l cu l a t i ona lp rocedu re ,  not through any inherent con- 
nection with the physics  of the p r o c e s s .  The value Cq = 6.6. 

The s y s t e m  (1.16)-(1.18) approx imates  (1.14) and (1.15) to s e c o n d - o r d e r  accuracy .  This follows f r o m  
resu l t s  of inser t ing  Tay lo r  s e r i e s  expansions of the unknown functions nea r  the points (xj, r n) and (xj +~/2, 
r into (1.16) and (1.17), r e spec t ive ly .  

On each  t empora l  l a y e r  sequential  calculat ions are  made of a n+ l = 1 - 1  "n+ l /k ,  e n+ 1 by  (1.18), u n+ 1/2 

�9 by (I.17), t hen fo r  j -> I u~ +I/2 by (1.16), _n + 1 n + t by ~n + 1 /2  ~j +l/~ by (1.17), ~+1/2 (1.18), ~j +~/2 by (1.19), and finally 

ATn +~/2 and A~r n+ ~ =(AT n + ~/2+AT n +~/2)/2 by the s tabi l i ty  condition, obtained by the method of f reez ing  
the coeff icients  [8]. 
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F i g .  3 

In  o r d e r  to c a l c u l a t e  the  a c c u r a c y  of the n u m e r i c a l  me thod  the 
s a m e  v a r i a n t  was  w o r k e d  out on m e s h e s  wi th  s t e p s  Ax and AX/2.  

F o r  s m a l l  v a l u e s  of • the  width of the w a s h i n g - o u t  zone was  r e -  
duced  to ha l f  when c a l c u l a t i o n s  w e r e  m a d e  with  the  f i n e r  m e s h ,  whi le  
v a l u e s  of the s t r e s s  and the v e l o c i t y  of the wave  r e m a i n e d  the  s a m e .  
F o r  l a r g e  x the  width  of the w a s h i n g - o u t  zone and the o t h e r  p a r a m -  
e t e r s  did  not  change .  Th i s  i n d i c a t e s  tha t  the w a sh ing  out of the d i s -  
con t inu i ty  i s  the r e s u l t  of the m o d e l  of the  m e d i u m  tha t  t a k e s  v i s c o s i t y  
p r o p e r t i e s  into account ,  and not  the  r e s u l t  of the me thod  of c a l c u l a t i o n  
invo lv ing  the i n t r o d u c t i o n  of p s e u d o v i s c o s i t y .  In  the so lu t i on  of a s i m -  
i l a r  p r o b l e m  by the me thod  of c h a r a c t e r i s t i c s ,  when the d i s c o n t i n u i t y  
was  c a l c u l a t e d  a c c u r a t e l y ,  the  w a s h i n g  out of the l a t t e r  in a m e d i u m  
having  v i s c o u s  p r o p e r t i e s  was  a l s o  ob ta ined ,  

2. Six v a r i a n t s ,  d i f f e r ing  in the v a l u e s  of )~, T, and fl, w e r e  c a l -  
c u l a t e d  by  c o m p u t e r :  

Variant "~ L 

1 t . i  50 0.5 
2 2 50 0.5 
3 4 50 0.5 
4 2 5 0.5 
5 2 0 . 5  0.5 
6 2 50 t 

Having  t h i s  m a n y  v a r i a n t s  one can  a n a l y z e  the in f luence  of v a l -  
ue s  of ~, T, and fi on the p a r a m e t e r s  of the wave .  

As  fo l lows  f r o m  c a l c u l a t i o n ,  a n u m b e r  of r e g i o n s  in the xT p l ane  
e m e r g e  du r ing  the p a s s a g e  of the wave :  1) the u n d i s t u r b e d  m e d i u m ,  
2) i n c r e a s e  in s t r e s s  and s t r a i n ,  3) d e c r e a s e  in  s t r e s s  and i n c r e a s e  
in  s t r a i n ,  4) d e c r e a s e  in s t r e s s  and s t r a i n .  

The b o u n d a r i e s  of the  r e g i o n s  a r e :  1, 2) wave  f ront ,  c o r r e s p o n d -  
ing to  the j ump  in ~ and e; 2, 3) m a x i m u m  s t r e s s ;  3, 4) m a x i m u m  
s t r a i n .  

The configuration of the regions changes, depending on the values of )~, T, and p. 

Figure 2 shows plots of the dependence of the maximum stress on the distance. The numeration of 
the plots corresponds to the sequence of variants given above. A comparison of plots 1-3 shows that the 
waves are extinguished more rapidly with increasing T. Physically an augmentation of y corresponds to 
an increase in the deviation of the static compression diagram from the dynamical compression diagram, 
which is due to the more complete manifestation of the viscous properties of the medium. 

It is advisable to make a comparison of plots 2-5 according to two interpretations, for p=const or 
for 0=const. We put ~ =1000 sec-1o Then X is equal to 50, 5, and 0.5, corresponding to 0 equal to 0.05, 
0.005, and 0.0005 sec. From the plots it follows that with a decrease in 0 the rate at which the stress at- 
tenuates with distance increases, that is, short waves die out more rapidly. We now hold 0 constant. Let 
0=0.05 sec. Then values of )̀  equal to 50, 5, and 0.5 correspond to values p equal to 1000, 100, and 10 
sec -I. The variation in p results in a variation in the scale of the spatial coordinate. From the condition 
x/p=h/A it follows that the section : ~  10 corresponds to one and the same value of h/A, equal to 10 -3, 10 -2, 
and 10 -I sec for the three values of ~. Taking this variation in scale into consideration, we obtain the re-  
sult, on comparing plots 2, 4, 5, that with an increase in p the waves die out more rapidly. Values p=500- 
1000 see -I correspond to loose soils [3]. 

We shall discuss the time variation of or, e, u at fixed points of the medium. Figures 3-5 show plots 
of the time dependence of the dimensionless stress for ),=50 and T equal to 1.1, 2, and 4, respectively. In 
all cases the plots labeled with the numbers 1-5 refer to sections of the medium with coordinates 0, 5, 10, 
20, and 40, respectively. Comparison of the plots shows that an increase in T results in a slower rise of 
the stress to its maximum value and consequently to a more rapid conversion of the wave from a shock 
wave  to a con t inuous  one.  

F i g u r e s  6 and 7 g ive  p lo t s  of e f t )  and uff)  fo r  X=50 and y = 2  at  the s a m e  s e c t i o n s .  F r o m  a c o m p a r i -  
son  of the p lo t s  f o r  the  s t r e s s  and the s t r a i n  (F ig s ,  4 and 6) i t  fo l lows  tha t  m a x i m u m  s t r a i n  i s  a t t a i n e d  d u r -  
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ing the phase of diminishing s t r e s s .  An inc rea se  in y f rom 2 to 4 r e su l t s  
in an i n c r e a s e  in the maximum s t r a in  f rom 1.88 to 3.7. (The plot for  
y =4 is not given.) This  is  connected with the i n c r e a s e  in the c o m p r e s s -  
ib i l i ty  of the medium with an i nc rea se  in y. 

3. We shal l  not compare  the ~r p a r a m e t e r s  in p las t i c  and v i s co -  
p la s t i c  media .  We use the model  of a p l a s t i c  medium, in which the load-  
ing occur s  along the line ~=ED~ and the unloading along the line ~ - a m =  
E R ( e - e m ) .  This model  is  the l imi t  case  of the model  appl icable  to a 
v i scop las t i c  medium, cor responding  to E s ~ E  D or  p ~ 0 .  An analyt ic  
solut ion of the p r ob l e m  on the propaga t ion  of a plane wave in such a me-  
dium, p roducedby  a loading whose va r ia t ion  in the in i t ia l  sec t ion is given 
by the equations 

~ = 0 ,  t ~ 0  
a = ~ m ( l - - t ] O ) ,  O ~ t ~ O  

o = 0 ,  t ~ O  , (3.1) 

has been  obtained e a r l i e r  [6]. 

In this  case  the max imum s t r e s s  in the medium at the wavefront  is  
given in t e r m s  of the va r i ab l e s  h and t by the e~p re s s ions  

h h Art 
AOj' A'O ~ A r t - - A  

Art ~ h (Art + A) Art 
AI~ ----~--~ ~ - - ~  ~ (Art -- A)~ 

(3.2) 

(AIr [ (AR--A)2(AIr h ] _~0 (AR+A) AR 
--~-~- (AR~-  ~ l 2AAR(AR-{-A) " - ~ '  > (AR__A)=, (3.3) 

A ~- (EDpo) '/', AL~ = (Eup0) '/' (3.4) 

F igure  2 shows plots  7 and 8, cons t ruc ted  accord ing  to these equations for  the case  A R = ~ A ,  i .e . ,  
fl=0.5. Here plots  7 and 8 r e f e r  to the l imi t  case  (T ~ 1 )  of va r ian t s  2 snd 4. The plot  for  a p las t i c  m e -  
dium, cor respond ing  to va r ian t  5, is not given, as it is  p r a c t i c a l l y  ident ical  with these p lo ts .  With a de-  
c r e a s e  in ~ the plots  for  p las t i c  and v i scop la s t i c  med ia  approach each other .  

Thus, ca lcula t ions  show that waves die out f a s t e r  in v i scop las t i c  media  than they do in p las t i c  media .  
This is  connected with the fact that  there  are  addit ional  energy  l o s s e s .  Taking account of v i scos i ty  a lso  
r e su l t s  in a change in the wave prof i le  - a convers ion  of the shock wave into a continuous c o m p r e s s i o n  wave. 
The max imum of the s t r a in  does not coincide with the maximum of the s t r e s s ;  it  is  at tained during the 
phase  of d iminishing s t r e s s .  The extent  to which viscous  p r o p e r t i e s  influence the phenomena depends on 
the p a r a m e t e r s  ),, T, and ft. With an i nc rea se  in X and Y the influence of v i scos i ty  i n c r e a s e s .  F o r  # ~ 0  
or  for  E D ~ E  S the medium becomes  p las t i c .  A d e c r e a s e  in fl co r r e sponds  to an i nc rea se  in the influence 
of the p la s t i c  p r o p e r t i e s  of the medium.  It r e s u l t s  in a more  rapid  ext inc t ion  of waves both in p las t i c  and 
in v i scop la s t i c  media .  These r e su l t s  agree  with expe r imen ta l  data.  

The authors  thank S. S. Gr igo ryan  for  his d i scuss ion  of the work.  
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